Small particles in suspension in a turbulent fluid have trajectories that do not follow the pathlines of the flow exactly. We investigate the statistics of the angle of deviation φ between the particle and fluid velocities. We show that, when the effects of particle inertia are small, the probability distribution function (PDF) P φ of this deviation angle shows a power-law region in which P φ ∼ φ −4 . We also find that the PDFs of the trajectory curvature κ and modulus θ of the torsion ϑ have power-law tails that scale, respectively, as P κ ∼ κ −5/2 , as κ → ∞, and P θ ∼ θ −3 , as θ → ∞: These exponents are in agreement with those previously observed for fluid pathlines. We propose a way to measure the complexity of heavy-particle trajectories by the number N I (t,St) of points (up until time t) at which the torsion changes sign. We present numerical evidence that n I (St) ≡ lim t→∞ [5, 6] . The theoretical difficulties in understanding these systems are reviewed in [7, 8] . Experimental, theoretical, and especially numerical investigations, which have been carried out over the past few decades, have shown that neutrally buoyant tracers (or Lagrangian particles) respond very differently to turbulent flows than do heavy inertial particles [9, 10] ; for instance, tracers get distributed uniformly in space in a turbulent incompressible flow, but, in the same flow, heavy inertial particles cluster [11, 12] , especially when the Stokes number St 1, where St = τ s /τ η , with τ s the particle-response or Stokes time and τ η the Kolmogorov time, at the dissipation length scale η. We address an aspect of the particle motion that has not been featured in earlier investigations. Suspended particles in a turbulent fluid are often used to image the flow. If the particles are extremely small tracers, they follow the flow exactly, but when solid particles or liquid droplets are suspended in a gas, inertial effects can be significant. Here we investigate the probability distribution of the angle between the velocity of the fluid u and the velocity of a suspended particle v. We also characterize the geometry of the particle trajectories by obtaining statistical properties of their curvature and torsion.
Small particles in suspension in a turbulent fluid have trajectories that do not follow the pathlines of the flow exactly. We investigate the statistics of the angle of deviation φ between the particle and fluid velocities. We show that, when the effects of particle inertia are small, the probability distribution function (PDF) P φ of this deviation angle shows a power-law region in which P φ ∼ φ −4 . We also find that the PDFs of the trajectory curvature κ and modulus θ of the torsion ϑ have power-law tails that scale, respectively, as P κ ∼ κ −5/2 , as κ → ∞, and P θ ∼ θ −3 , as θ → ∞: These exponents are in agreement with those previously observed for fluid pathlines. We propose a way to measure the complexity of heavy-particle trajectories by the number N I (t,St) of points (up until time t) at which the torsion changes sign. We present numerical evidence that n I (St) ≡ Small particles in suspension in a turbulent flow play an important role in many geophysical [1] , atmospheric [2, 3] , astrophysical [4] , and industrial processes [5, 6] . The theoretical difficulties in understanding these systems are reviewed in [7, 8] . Experimental, theoretical, and especially numerical investigations, which have been carried out over the past few decades, have shown that neutrally buoyant tracers (or Lagrangian particles) respond very differently to turbulent flows than do heavy inertial particles [9, 10] ; for instance, tracers get distributed uniformly in space in a turbulent incompressible flow, but, in the same flow, heavy inertial particles cluster [11, 12] , especially when the Stokes number St 1, where St = τ s /τ η , with τ s the particle-response or Stokes time and τ η the Kolmogorov time, at the dissipation length scale η. We address an aspect of the particle motion that has not been featured in earlier investigations. Suspended particles in a turbulent fluid are often used to image the flow. If the particles are extremely small tracers, they follow the flow exactly, but when solid particles or liquid droplets are suspended in a gas, inertial effects can be significant. Here we investigate the probability distribution of the angle between the velocity of the fluid u and the velocity of a suspended particle v. We also characterize the geometry of the particle trajectories by obtaining statistical properties of their curvature and torsion.
Our theoretical and numerical studies of these statistical properties yield universal scaling exponents that characterize heavy-particle trajectories. In particular, we consider three quantities: the deviation angle φ, the angle between the particle * akshayphy@gmail.com † anupam1509@gmail.com ‡ dhruba.mitra@gmail.com § perlekar@tifrh.res.in m.wilkinson@open.ac.uk ¶ rahul@physics.iisc.ernet.in velocity v and the Eulerian velocity u(x,t) at the position x of the particle at time t; the curvature κ; and the torsion ϑ (with θ = |ϑ|) of the trajectories of the particles. We find from direct numerical simulations (DNSs) that when the Stokes number is small, the probability distribution function (PDF) of φ shows a power-law region in which P φ ∼ φ −4 . The extent of this power-law regime decreases as St increases. We find good power-law fits if 0 < St 0.7; in this range the exponent is universal inasmuch as its values for different St and Re (the fluid Reynolds number) lie within error bars of each other. We also find that the PDFs of κ and θ = |ϑ| show power-law tails for large κ and θ , respectively. In this case the exponents are the same as previously reported for fluid pathlines, namely, P κ ∼ κ −5/2 and P θ ∼ θ −3 (see [13] [14] [15] ). We also present a theory for the exponents that characterize the tails of the PDFs P φ , P κ , and P θ ; this theory complements our DNS results. Finally, we attempt to quantify the complexity of particle trajectories by calculating N I (t,St), the number of points along the particle trajectories at which the torsion changes sign per unit time. We present numerical evidence that this number scales as
as St → ∞, with 0.5. We perform a DNS [16] of the incompressible threedimensional (3D) forced Navier-Stokes equation
where u, p, f , and ν are the velocity, pressure, external force, and kinematic viscosity, respectively, and the fluid density ρ f is chosen to be 1; the Lagrangian derivative is D t ≡ ∂ t + u · ∇. Our simulation domain is a periodic cubical box with sides of length 2π (see Table I ). The external force maintains a constant rate of energy injection [17, 18] , which is equal to the energy-dissipation rate ε in the statistically stationary state of turbulence. We use a second-order exponential AdamsBashforth method of time stepping and pseudospectral method with a two-thirds dealiasing rule [16] for spatial derivatives. We consider monodisperse spherical particles whose radii r p are significantly smaller than the Kolmogorov scale of the fluid. We assume, furthermore, that the material density ρ p of each particle is significantly larger than ρ f and that the number density of the particles is small. In this parameter regime, we can ignore the backreaction from the particles to the flow (passive-particle approximation) and also particleparticle interactions. Hence, the equations of motion of each individual particle are [19, 20] 
where X and v are the position and velocity of a particle, respectively, and the Stokes time τ s ≡ 2r 2 p ρ p /9νρ f . The particles that obey (3) are called heavy inertial particles. We solve Eq. (3) by using an Euler scheme in time. To find out the flow velocity at the (off-grid) position of the particles we use trilinear interpolation.
A particle trajectory is a 3D curve that we characterize via the usual techniques of differential geometry [13, 21, 22] by its tangent T , normal N, and binormal B. As a function of the arc length of this trajectory, T , N, and B together satisfy the Frenet-Serret equations. We illustrate the geometry of a particle trajectory by the sketch in Fig. 1(a) .
First, consider how to determine the PDF of the angle φ between v and u. If w = u − v and w ⊥ is the magnitude of the component of w that is perpendicular to v, then sin φ = w ⊥ /u where u = |u|. We use the small-angle approximation φ ∼ w ⊥ /u. Hence, the PDF of φ can be obtained from the joint PDF of u and w. Equation (3) implies that the particle acceleration a =v is related to w by τ s a = w. For small τ s , the acceleration of the particle and the fluid at the same point are approximately equal. By putting these elements together, we obtain φ ≈ τ s a f N /u, where a f N is the component of the fluid acceleration along N. These approximations are valid for small φ and small τ s . Hence, the PDF of φ can be written as follows:
where δ(·) is the Dirac delta function and P f au (a f N ,u) is the joint PDF of a f N and u. Next we assume that this joint PDF factorizes, i.e.,
where P f a is the PDF of a f N and P u is the PDF of u. We justify the assumption (5), within the framework of the Kolmogorov theory [23, 24] , which assumes that the only information about large-scale properties of the flow that is relevant to smallscale features is the rate of dissipation ε. The smallest-scale motions may also depend upon the kinematic viscosity ν and dimensional arguments [23, 24] then imply that the typical acceleration because of small-scale eddies is a * = ε 3/4 ν −1/4 , whereas the typical velocity because of small-scale eddies is u K = η τ s = (εν) 1/4 . In the limit of large Reynolds number, these estimates indicate that a * is much larger than the typical accelerations because of the large-scale motion of the fluid, whereas u K is much smaller than the large-scale velocities. We can conclude that, when the Reynolds number is large, a f N is determined by small-scale properties of the flow, whereas u is determined by large-scale motions. The hypotheses of the Kolmogorov theory then indicate that these quantities are independent, justifying (5). We also need to identify the forms of the distributions P u and P f a . Data from DNSs and experiments are consistent with the Maxwellian form
, where d = 3 is the dimension of space, C is a normalization constant, and u 0 is the characteristic scale of flow velocities. We use this Maxwellian form and obtain, by integrating (4) over u,
The PDF of the fluid acceleration decreases very rapidly for large values of its arguments [25] . Hence we can assume that P f a (y) is negligible for y a * , where a * is the characteristic scale of acceleration. Let φ * ≡ τ s a * /u 0 ∼ St/Re 1/4 . For φ φ * , the exponential factor in (6) is unity, so
where · denotes the average over the statistically steady state of our system. Thus, for d = 3, we expect P φ ∼ φ −4 ; for φ 1, small τ s ; and for φ φ * , φ * ∼ St/Re 1/4 . Note that this power-law range is present only if φ * 1, which can be satisfied for small St and large Re [26] .
To confront our theory with data from our DNS, we plot P φ as an inset in Fig. 1(b) for several different values of St. Numerical calculations of PDFs by constructing histograms are often plagued by binning errors. To avoid such errors, we construct the cumulative PDF (Q φ = ∞ φ P φ dφ) of φ by using the rank-order method [27] and plot Q φ for several values of St in Fig. 1(b) . For small-enough St, we obtain a clear range over which Q φ ∼ φ −3 . In addition to this clear agreement between our theory and DNS data, experimental evidence also supports our theory [28] .
Let us now turn to curvature and torsion along particle trajectories, which are defined by
The PDFs of the curvature and torsion of the trajectories of passive tracer (superscript tr) particles P tr κ and P tr θ , respectively, have already been shown, from theory [14, 15] , DNS [13, 15] , and experiments [14] , to have the following power-law tails: P tr κ ∼ κ −5/2 as κ → ∞ and P tr θ ∼ θ −3 as θ → ∞. The theory of these exponents, as described in Refs. [14, 15] , assumes that the joint PDF P f au (a f N ,u) factorizes and that large values of κ are associated with small values of u. We extend these arguments, which are similar to those we have given above, to the case of heavy inertial particles to obtain P κ ∼ κ −5/2 and P θ ∼ θ −3 for their trajectories. To obtain these exponents accurately from our DNS, we again use the cumulative PDFs Q κ and Q θ , which we show in the log-log plots of Figs. 2(a) and 2(b) , respectively, for representative values of St. The slopes of the straightline parts (blue lines) in these plots are −3/2 and −2, as expected.
Finally, we compute the mean of the number of points N I (t,St) at which the torsion changes sign in time t. We find that N I (t,St) ∼ t for large t, i.e.,
is independent of t; see Fig. 2 (c), where we plot N I /t versus time t for two representative values of St. The number n I (St) is a natural measure of the complexity of the particle trajectories and is a function of St alone. We plot n I (St), from our DNSs for several different values of St, in the inset of Fig. 2(c) , whence we find that, for large St, n I shows the following scaling behavior:
where 0.5 (see Ref. [29] for the analog of this result for 2D fluid turbulence). At present, we have not been able to come up with a theory for .
We have shown that various quantities that characterize the geometries of trajectories for heavy inertial particles, advected by a turbulent flow that is homogeneous and isotropic, have PDFs with power-law tails. We have demonstrated this in detail for the PDF of the deviation angle. Furthermore, we have used a similar approach to obtain power laws in the tails of the PDFs of the curvature and torsion. These power laws are not a feature of most other examples of random 
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curves, which describe physical processes; e.g., a wormlike polymer in thermal equilibrium is also a random curve in three dimensions, but the PDF distribution of its curvature [30] is P κ ∼ κ exp(−κ 2 ). Can we conclude, therefore, that the power laws we find are features of turbulence? Our calculations show that the large values of the deviation angle φ occur where the fluid velocity becomes very small. However, zeros of the velocity field are not unique to turbulent flows. Therefore, we cannot conclude that the power-law tails in the PDFs we study are unique signatures of the turbulence in the fluid that advects the heavy particles in our study.
